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INTRODUCTION 
In this paper, the first of a projected sequence on noncommutative arith- 
metic, we present the definitions and basic properties of the formation of 
modules of quotients for arbitrary rings. Our approach differs fundamentally 
from earlier attemps at the definition of quotients, as exemplified for instance 
in Silver [3], in two major respects. Firstly, our principal object is the 
“module of quotients” and not the “ring of quotients”. Secondly, our 
formation of quotients is not intrinsically linked to a preconceived concept 
of prime ideal. 
In order to explain the definitions proposed here, let us briefly recall the 
construction in the familiar situation of commutative rings. If  R is a com- 
mutative ring and X a subset of R closed under multiplication, the module 
of quotients M, of an R-module M may be viewed as the end-product of two 
operations. We first form the kernel p(M) of the homomorphism M -+ M, , 
where p(M) consists of the elements of M which are annihilated by some 
element of X. Then, p(M/p(M)) = 0, and the second step is an enlargement, 
Mx , of the module A4 = M/p(M). The module Al, is uniquely charac- 
terized by the following properties: p(AfX) = 0, M,- contains M’ and 
p(MJM’) = M,/M’ and if f : ‘2X -+ M, is any module homomorphism 
from any ideal % for which p(R/%) = RI%, then f has a unique extension 
to a homomorphism from R to Mx . For our purposes, the important point 
about this construction is the fact that the functor M - M, is completely 
determined by the functor M A-, p(M). 
* This research was supported by the National Science Foundation. 
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If rl is an arbitrary ring, commutative or not, and &’ is the category of 
left A-modules, we define a kernel functor to be a covariant functor from .4? 
to itself satisfying some simple conditions which are abstracted from the 
properties of p above. Namely, o is called a kernel functor if (1) u(M) is a 
submodule of M for every /l-module M, (2) if f : M’ -+ M is a A-homo- 
morphism, then f {o(M)) C o(M), (and u(f )) is the restriction off to u(M’)) 
and (3) if M’ C M, th en u(M’) = M’n u(M). Unlike the particular p 
considered above, it is not in general true that u(M/u(M)) = 0. When u has 
the property that u(M/u(lM)) = 0 f  or every module M, then we way that (T 
is idempotent. 
The first section is mainly concerned with the construction of an 
idempotent kernel functor ii canonically attached to an arbitrary kernel 
functor u. 
In the second section we describe a relation between kernel functors of /l 
and certain topologies of 11 under which fl is a topological ring (not, in 
general, Hausdorff). Given the kernel functor V, denote by r0 the set of left 
ideals 9X of n for which u(rl/%) = &?I. Then Y0 is such a topology, and 
conversely YU uniquely determines U: if M is any left A-module, then 
u(M) = (X E M 1 5Xx = 0, for some Cu E zQ. Every topology of fl under 
which -4 is a topological ring having a basis at 0 consisting of left ideals arises 
in this way. In particular, it follows that the class of kernel functors is a set. 
Criteria are given in terms of these topologies for a kernel functor to be 
idempotent. 
Section 3 contains the construction of the module of quotients. I f  u is an 
idempotent kernel functor, a ./l-module E is called faithfuZZy u-injectine if, 
given any module M and any submodule NC M with u(M/N) = .&f/N, 
then a homomorphism from N to E has a unique extension to a homo- 
morphism from M to E. Proposition 3.2 shows that to test the u-injectivity 
of E it is sufficient to take M = /l (in which case the submodules N are the 
ideals of the topology YO). After developing some of the properties of 
u-injective modules, we prove in Theorem 3.7 that, given a module M with 
u(M) = 0, there exists a faithfully u-injective module E containing M as a 
submodule, and such that u(E/M) = E/M. F rom its properties, the module E 
is unique, Furthermore, after the proof of Lemma 6.8, we give an explicit 
construction of E in such a form that its similarity with the construction 
of Mx in the classical case is readily apparent. For Man arbitrary fl-module, 
its module of quotients with respect to U, is the above defined E attached to 
M/u(M). (Here we use strongly the fact that u is idempotent.) The module 
of quotients is denoted by Q,(M). Th ere is a canonical homomorphism 
i : M-j QJM) having CT(M) as kernel. Furthermore, if f : M’--+ M is a 
homomorphism, then there is a unique homomorphism fm : &,(M’) -+ QO(M) 
such that the diagram 
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is commutative. Theorem 3.9 asserts an exactness property for Q,, , namely: 
if 0 --f M’ + M + M” + 0 is exact, then 0 + Q,(M) --f Q,(M) + Q,(W) 
is also exact. (However, right exactness is not valid in general.) 
In the following Section 4 we consider the ring of quotients. I f  (T is an 
idempotent kernel functor, then 0(./l) is a twosided ideal, and Q,(A), con- 
structed by considering (1 as a left module over itself is a ring, A/U(A) is a 
subring of Q,(d), and the ring structure of Q,(A) is uniquely determined by 
its structure as a A-module. 
Every faithfully o-injective module is, in a natural way, a left module 
over Q&l), extending its structure as a left A-module. Unlike the classical 
situation, it is lzot true in general, that Q,,(M) is the same as Q,J/l) an M. 
Indeed, Theorem 4.3 asserts the equivalence between the equality 
QJM) = Q&l) @ M and the conjunction of right exactness of the functor Qrr 
with the property that Q, commutes with direct sums. (In Section 7 we give an 
example which illustrates the failure of the equality Q,(M) = QJ/l) @I M.) It 
is precisely because of the possible failure of the equalityQ,(M) = Q&l) @ M 
that we have adopted the view that the primary concept is that of the “module 
of quotients” with the “rings of quotients” being of secondary significance. 
The set of kernel functors has a natural partial ordering: p < u means that 
p(M) C u(M) for every module M. In Section 5 we show (Theorem 5.1) that, 
for any given module S, the set of all kernel functors (T for which o(S) = 0 
has a unique largest element fS . Furthermore 7s may be explicitly described: 
let E be an injective envelope of S (in the absolute sense), then, for any 
module 81, G-~(M) consists of the elements of M which are mapped into 0 by 
every homomorphism from M to E. The kernel functor rs is automatically 
idempotent, and Theorem 5.3 proves that every idempotent kernel functor 
has the form TV, for some S. 
After these preparations, we define, in Section 6, what we call a prime. An 
idempotent kernel functor p is a prime if there exists a nonzero module P 
such that p = 7Tp and ,u(P/P’) = P/P’ for every nonzero submodule P’ of P. 
Any such P is called a supporting module for p. Any nonzero submodule of 
a supporting module is again a supporting module, so that a prime may have 
many supporting modules. However, Theorem 6.4 shows that a prime p has 
a unique supporting module which is at the same time faithfully p-injective. 
(We should remark that the discussion preceding Theorem 6.4 shows that 
for commutative rings there is a natural one-to-one correspondence between 
proper prime ideals and primes in our present sense.) If  S is a simple 
RINGS AND MODULES OF QUOTIENTS 13 
fl-module, then TV is a prime (analogous to maximal primes of a commutative 
ring), and if S and S’ are non-isomorphic simple modules, then 7S and ~,q are 
distinct. 
-4 nonzero /l-module M is called primary if 7M is a prime and G-~ = T,~ for 
every non-zero submodule N of M. Theorem 6.11 relates this definition to 
the usual one of primary ideal in commutative noetherian rings: if R is such 
a ring and Q is a proper ideal of R, then D is a primary ideal in the usual 
sense if, and only if, R/Q is a primary module in our sense. Returning to the 
general case, we present in Corollary 6.9, Proposition 6.10, Theorem 6.12 
and Theorem 6.14, analogs of the classical primary decomposition theorems. 
Namely, if M is a A-module satisfying the ascending chain condition on 
submodules, then 0 = Q, n ... n Qn with Qi a submodule of M such that 
M/Q, is a primary module. Furthermore, if Qr ,..., Q, are submodules of M 
such that M/Q, is primary and M/Q, ,..., iL’/Qm all have the same associated 
prime, then Qr n ... n Q, has the same property. Finally, denote by P(M) 
the set of primes p such that y  = 7S, with S a nonzero submodule of M. 
Then, under the assumption that M satisfies the ascending chain condition 
on submodules, the set P(M) is finite, and if 0 = Q, n ... n ,O, is an irre- 
dundant decomposition with each MjQi primary, then p(M) coincides with 
the set of primes (~~,o, ,..., rMIQ,}. We should take this opportunity to 
emphasize that in our approach the concept of prime and primary are of a 
fundamentally different nature: a prime is a kernel functor, while a primary 
object is a module. 
Section 7 which ends this paper describes some simple examples which 
illustrate some of our concepts in familiar rings. 
A note about terminology: all rings are assumed to have a unit element 
which is shared with all subrings. All modules are unitary, and are assumed 
to be left modules. 
SECTION 1. KERNEL FUNCTORS 
I f  fl is a ring, we denote by &’ or by J&!(A) the category of all left 
/l-modules. A functor u from ,& to itself is called a kernel functoy if it has the 
following properties: 
(1) a(M) is a submodule of AS?, for every /l-module. 
(2) If  f  : M’ -+ M is a homomorphism, then f  (a(M’)} C o(M) and m(f) 
is the restriction off to a(M’). 
(3) if M’ is a submodule of M, then o(M’) = M’ n o(M). 
We denote by K or by K(A) the totality of all kernel functors on J&(A). 
Certainly the class of objects of J&’ is not a set, and at first sight, one would 
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think that this is also the case for K(A). Actually as we shall see later, K(A) 
may be identified with the family of all topologies on A of certain type, and 
therefore &I) will be seen to be a set. This we shall find is of more than 
academic interest. 
I f  CT is a kernel functor, we shall say that a module M is a u-torsio-n module 
if U(M) = M, and u-torsion-free if o(M) = 0. It is clear from the definition 
that a submodule of a u-torsion-free module is u-torsion-free, and that a 
submodule or factor module of a o-torsion module is also a u-torsion module. 
Furthermore, for any module M, u(M) is the largest u-torsion submodule 
of M. It follows from these remarks that a Cartesian product of u-torsion-free 
modules is u-torsion-free, while a direct sum of u-torsion modules is also 
u-torsion. 
In general, M/u(M) is not u-torsion-free. Because of this phenomenon, we 
introduce the following definition. A kernel functor u is called idempotent if 
M/u(M) is u-torsion-free for every module M. 
Our first step in studying kernel functors will be to construct for any 
arbitrary kernel functor one which is idempotent, and which is canonically 
formed from the given one. If  u is any kernel functor, define O(M), for any 
left /l-module M, to be the intersection of all submodules N of M for which 
M/N is u-torsion-free. (There is at least one such submodule, namely M 
itself.) 
PROPOSITION 1.1. 
(a) 4M) C WW 
(b) y  u(M) = 0 then 6(M) = 0 
(c) M/E(M) is u-torsion-free. 
Proof. (a) If  u(M/N) = 0, then u(M) is contained in the kernel of the 
map M+ M/N, i.e., u(M) C N. Hence u(M) C a(M). 
(b) If  u(M) = 0, th en one of the submodules N in the construction of 
C(M) is N = 0. Hence 6(M) = 0. 
(c) Suppose that N is a submodule of M such that M/N is u-torsion-free. 
Then, O(M) C N, and N’ = N/c?(M) is a submodule of M’ = M/E(M) such 
that M’/N’is o-torsion-free. Hence 6(M’) is contained in all these modules N’. 
However, the definition of 6(M) shows that the intersection of all such N’ 
is 0, namely E(M/e(M)) = 0. 
PROPOSITION 1.2. 
(a) If f : M’-+ M is a homomorphism, then f {6(M)) C O(M). 
(b) If M’ is a submodule of M, then 6(M’) C M’ n c(M). 
Proof. (a) Let X be the submodule of all elements of M’ which are 
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mapped by f into 6(M). Namely, X = f -r@(M) n f (M’)). Then f induces 
a monomorphism from M’/X into M/G(M). Since we know already that 
M/e(M) is u-torsion-free, it follows that M’/X is also o-torsion-free, and 
therefore that o(M’) C X. But this says precisely that f @(M’)] C ir(M). 
(b) This is a particular case of (a) in which f is taken as the identity map 
on the submodule. 
PROPOSITION I .3. If M’ C E(M) C M, then li(M/M’) = cS(&l)/M’. 
Proof. M/M’/G(M)/M ’ is isomorphic to M/E(M) which is u-torsion-free. 
Hence SCM/M’) C G(M)/M’. Now apply Proposition 1.2 to the canonical 
map M -+ M/M’. Then, we find E(M)/M’C c?(M/M’). 
A module M is said to be an essential extension of a submodule N if every 
nonzero submodule of M has a nonzero intersection with N. 
If  hT is an arbitrary submodule of M, there exist submodules N’ such 
that N fi N’ = 0, for example N’ = 0. It is obvious that Zorn’s lemma is 
applicable to the set of such N’ to assert that there exist subm.odules N' 
which are maximal with respect to the property N n N’ = 0. The maximality 
of such ;L” is easily verified to be equivalent to the condition that M be an 
essential extension of N + N’. We shall need a variation of this fact. 
LEMMA 1.4. Let iV be a submodule of M, and let N’ be maximal with respect 
to N (7 N’ = 0. Then, M/N’ is an essential extension of (N + N’)/N’ = N. 
Proof, Denote by rr the canonical homomorphism M + M/N’ and let 
x E M be such that r(x) # 0. Then x $ N’, so that N n (N’ -j- Ax) fi 0. 
That is, there is an element a E LI such that ax E N + N’ while ax 4 N’. Hence 
an(x) # 0, while an(x) E &r(x) n z-(N). 
PROPOSITION 1.5. If N C O(L) CL and a(N) = 0, then AT = 0. 
Proof. Choose N’ maximal with respect to N n hr' = 0. Also form 
L/N’ with r : L --f L/N’. Then r(N) is isomorphic to N so that u(z(N)) = 0. 
At the same time, n(L) is an essential extension of r(N) while 
0 = a(n(N)) = E-(N) n ~r(-rr(L)). Consequently, c+(L)} = 0. Thus, L/N’ is 
u-torsion-free and so, G(L) C N’. But NC e(L) combined with N n N’ = 0 
now shows that hT = 0. 
After these preparations, we have: 
THEOREM 1.6. I? is a kernel functor. 
Proof. In view of Proposition 1.2, we need only verify that, for a sub- 
module M’ of a module M, we have O(M’) = M’ n e(M). From Proposi- 
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tion 1.2 we know that 6(M’) CM’ n O(M), so that we have to verify 
that e(M)> M’n G(M). Set L = M/G(M’) and N = M’n G(M)/cS(M’). 
We shall show that Proposition 1.5 is applicable. We note first that 
NC M’/E(M’), which by Proposition 1.1 is u-torsion-free. Hence, a(N) = 0. 
Also, since 6(M’) C 6(M), we may apply Proposition 1.3 to conclude that 
6(L) = c(M)/c?(M’) and h ence that NC O(L). Thus Proposition 1.5 applies 
to yield N = 0. But this in turn implies that M’ n O(M) C O(M’) and therefore 
M’ n o(M) = 6(M’). 
We refer once more to Proposition 1.1 to observe that 0 is an idempotent 
kernel functor. 
PROPOSITION 1.7. If (T is a kernel functor, then the following assertions are 
equivalent: 
(1) CI is idempotent. 
(2) If 0 + M’ L M % M” -+ 0 is exact and M’ and M” are o-to&m 
modules, then M is also o-torsion. 
Proof. (I) * (2). 
Since a(M) = M’ we havef (M’) C CT(M) and therefore, by Proposition 1.3, 
that u(M”) = g{u(M)}. But a(J4”) = M” so that u(M) = M. 
(2) * (1). 
Let n : M -+ M/u(M) be the canonical map, and set N = T+{u(M/u(M))}. 
Then u(M) C N and N/u(M) = u{M/u(M)}. Consequently, N/u(M) is 
u-torsion, and we may apply (2) to the exact sequence 
0 + u(M) + N -+ N/u(M) -+ 0. 
It follows that u(N) = N or that NC u(M). This yields N = u(M) and 
u{M/u(M)) = 0. Thus u is idempotent. 
SECTION 2. TOPOLOGIES 
I f  u is a kernel functor, denote by Y0 the set of those left ideals ‘8 of fl 
for which /l/2X is a u-torsion module. 
THEOREM 2.1. The set F0 has the following properties: 
(1) If2l~~~andBisaleftidealwith?IC?B, then23EY0 
(2) If~and8arein~~,then~nnBE~ 
(3) If % E Ya and x E A, then thepe is a 8 E Fu with ?& C % 
(4) If M is any A-module, then x E u(M) if, and only if, there is an 
‘% E F0 with Xx = 0. 
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Proof. (1) This assertion is a consequence of the fact that any homo- 
morphic image of a o-torsion module is also o-torsion. 
(2) @Zr n 93 is isomorphic to a submodule of fl/YI 0 @B, from which 
the assertion follows immediately. 
(3) Denote by B the set of all elements b E fl such that bx E !!I. Then ‘23 
is the annihilator, in fl, of the image of x in A/‘% so that /l/B is isomorphic 
to a submodule of ll/‘$L Hence if /l/% is a u-torsion module, then the same 
is true of JS and hence B E 9*. 
(4) If  x is an element of the A-module ill, and 2X is its annihilator in /11, 
then fl/rX is isomorphic to Ax. Hence x E a(M) if, and only if, $!I E Y0 . 
A set Y of left ideals of /l which have properties (1), (2) and (3) above 
defines a topology in .A by taking as neighborhoods of 0 the ideals which 
are in the set Y. Conditions (1) and (2) combined with the fact that each 
‘zc E Y is a subgroup of the additive group of fl insures that this does indeed 
define a topology, and furthermore that under addition one obtains a topo- 
logical abelian group. Furthermore, (3) combined with the fact that ‘% E 5 
is a left ideal also asserts that /l is a topological ring. However, it should not 
be supposed that fl is HausdoB in this topology. Indeed this is not the case in 
general. In fact, /l is Hausdorff if, and only if, the intersection of the ideals 
of Jr is 0. 
Not every topology of /l under which it is a topoIogica1 ring has the form 
just discussed. Only such topologies in which there is a basis of neigh- 
borhoods of 0 which are left ideals has that form. As we have seen in Theo- 
rem 2.1, every kernel functor gives rise to such a topology, and furthermore 
the given kernel functor is determined by the topology. We now consider 
the converse. 
THEOREM 2.2. Let F be a set of left ideals in A having properties (1), (2) 
arid (3) of Theorem 2.1. If  M is any A-module, denote by p(M) the set of elements 
of M which are annihilated by an ideal of Jo. Then, p is a Rernel functor, and 
Y-@ = F. 
Proof. Properties (2) and (3) g uarantee that p(M) is a submodule of M. 
If  111’ is a submodule of M, then the relation p(M’) = M’ n p(M) is trivial. 
Finally, if f : M’ --+ M is a homomorphism, then the relation Xx = 0 
implies %f (x) = 0, f  rom which we have fIp(M’)) C p(M). Thus, p is a 
kernel functor. 
For any left ideal ‘U: of fl, the module fl/cU: is cyclic and is generated by 
the image of 1. Clearly then, p(n/%) = A/% if, and only if, that generator 
is in p(A,W). At the same time, this generator is annihilated by 9I and hence 
p(A,K!l) = A/5X if, and only if, ‘8 E 5. Thus & = Y. 
We have thus established a one-to-one correspondence between the class 
481/13/1-z 
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of kernel functors of A and the set of ring topologies of A of a certain type. 
It follows, in particular, that K(A) is a set. 
We can, and shall, identify a kernel functor with its associated topology 
in A. Any ring has two particular topologies of the type we are considering. 
The first makes A discrete, F consisting of all left ideals. The kernel functor 
corresponding to this topology we shall denote by XL Here co(M) = M 
for all modules. The second is of extreme opposite type, Y consists of A 
alone. For this one, the kernel functor will be denoted by 0 and O(M) = 0 
for all modules. 
A kernel functor gives rise not only to a topology in A but in fact defines 
a topology in every module. If a E K(A), a module M is topologized by 
taking as a basis for the neighborhoods of 0 the submodules N for which 
M/N is a u-torsion module. This gives a module a topology under which its 
additive group is a topological abelian group, and furthermore such that M 
is a topological A-module in the sense that the composition map A x M -+ M 
is continuous. This simultaneous topology on every module will be called, 
when convenient, the u-topology. Note that the a-topology of A, when 
considered as a left module over itself, is just the topology Y0 . Furthermore, 
in the o-topology, every A-homomorphism from one module to another is 
automatically continuous. 
Let CJ be a fixed kernel functor. If N is a submodule of M, then N has 
two topologies. Namely, its own u-topology, and the topology induced from 
the u-topology of M. In general, there is no reason for these topologies to 
coincide. However, when N is an open submodule of M, it would be reason- 
able to expect that the topologies should be the same. Under the condition 
that M/N is a u-torsion module, the coincidence of the topologies is equivalent 
with the following: if N’ is a submodule of N, then N’ is open in N if, and 
only if, N’ is open in M. Now, if N’ is open in M, then M/N’ is a u-torsion 
module and N/N’ is a submodule of M/N’, so that N/N’ is also a u-torsion 
module. Thus, N’ is open in N. Now assume that N’ is open in N, and N 
is open in M. From this we are expected to infer that N’ is open in M. 
Set L’ = N/N’, L = M/N’ and L” = MIN. Then, we have an exact sequence, 
0 -+ L’ -+ L -+ L” + 0, and both L’ and L” are u-torsion modules. In order 
to conclude from this that L is a u-torsion module, we refer to Proposition 1.7. 
Here we find that the desired conclusion is precisely equivalent to the 
condition that u be idempotent. Thus we have proved: 
PROPOSITION 2.3. Let a be a kernel functor. Then the following are equiv- 
alent: 
(1) u is idempotent. 
(2) For every mod&e M the topology i?lduced by the u-topology of M in 
any u-open submodrAle N coincides with the u-topology of N. 
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Let p and 0 be two kernel functors of A. A module &I now has two topo- 
logies, and we may ask: when is the identity map from M to itself continuous 
from the p-topology to the o-topology ? This is equivalent to the condition 
that, for any submodule N of M, u(M/N) = M/IV implies that 
p(M/N) = hf/iV. In particular, for M = -4, this condition is simply expressed 
as Fa c r. . 
This observation suggests the following definition: If  p and u are in K(A), 
we write CT < p to mean that s(hf) C p(M) for every module M. This is 
equivalent to s0 C FD . It defines a partial ordering on the set Q-4) which 
we shall find quite useful later. Finally, returning to the question of continuity 
of identity maps, the condition G < p is equivalent with the continuity of 
the identity map from an arbitrary module M to itself, from the p-topology 
to the u-topology. 
It is obvious from the definition that 0 < D < CO for every u E K(n). 
Also, the fact that u(M) C E(M) f  or every M, is expressible as 0 < 6. 
THEOREM 2.4. 6 is the smallest idempotent kernel functor which is larger 
than u. Namely, if u < p, then 0 < p. 
Proof. Since p(M/p(M)) = 0, and u < p, we have u(M/p(M)) = 0 and 
therefore 6(M) C p(M). 
Propositions 1.7 and 2.3 give criteria for determining when a kernel 
functor is idempotent. Because they express the condition in terms of all 
modules, they are not in general of practical utility. Because of the importance 
of idempotent functors in defining modules of quotients, we need a simpler 
criterion. The result to be proved shortly shows that the test described in 
Proposition 1.7 need only be applied to a very small class of modules. 
THEOREM 2.5. If  u E K(A), then the following assertions are equivalent: 
(1) u is idempotent. 
(2) If $3 C ‘u are left ideals in A such that 8 E F0 and ‘B/%3 is a u-torsion 
modzlle, then !B E FV . 
Pqoof. (1) * (2) is a special case of Proposition 2.3. 
(2) * (1) 
Let M be any module and let n : M + M/u(M) be the canonical homo- 
morphism. Let x E M be such that T(X) E u(M/u(M)>. Let M be the annihilator 
of V(X) and b the annihilator of x. Then 8 C % and VI E FW . Furthermore, 
%/!B is isomorphic to %x, while 2l~ C u(M). Hence u(%/S) = ‘9&/S. Apply- 
ing (2) we have 8 E Y0 and hence .X E u(M). Thus m(x) = 0 and u is idem- 
potent. 
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The last result has a useful corollary. 
COROLLARY 2.6. If  u is an idenzpotent kernel ficnctor and ‘8 and B are 
ideals in FD , then ‘WB E F0 . 
Proof. Clearly ?I23 C B and each element of b/‘WB is annihilated by ‘8. 
Hence 0(8/‘%23) = %3/W and the assertion follows from Theorem 2.5. 
SECTION 3. THE MODULE OF QUOTIENTS 
Let (T be a kernel functor. A A-module E is called a-injective if it has the 
following property: if M is any module and N is a submodule of M such that 
u(M/N) = M/N, th en every A-homomorphism from N to E extends to a 
homomorphism from M to E. The module E is called faithfulb u-injective 
if, in the same notation, the homomorphism from N to E has a uniqzze exten- 
sion to M. 
PROPOSITION 3.1. The followi?zg are equivalent: 
(1) E is faithfully u-injective. 
(2) E is a-injective arzd o(E) = 0. 
Proof. (1) * (2) 
Clearly (1) implies that E is a-injective. Furthermore, the zero map from 
0 C u(E) to E has a unique extension to o(E) and hence u(E) = 0. 
(2) * (1) 
I f  NC M is such that u(M/N) = M/N, then the only homomorphism 
fromzM/N into a u-torsion-free module is 0. Hence (2) => (1). 
Exactly as for the usual absolute notion of injectivity, we have: 
PROPOSITION 3.2. The following are equivalent: 
(I) E is u-irzjective. 
(2) If  % E y-o and g : 5X + E is a A-homomorphism, tlzerz g extends to A. 
Proof. (1) + (2) is a consequence of the definition. 
(2) * (1) 
Suppose that f  : N -+ E is a fl-homomorphism where N is a submodule 
of M such that M/N is u-torsion. If  N’ is a submodule of M which contains N, 
then M/N’ is also a a-torsion module. Consider all pairs (N’, f  ‘) with N’ as 
above, and f’ an extension off to N’. In an obvious ordering, Zorn’s lemma 
is applicable, and there is a largest extension off. Let that be N and f  itself. 
We must then show that N = M. If  x E M, the fact that u(M/N) = M/N 
implies that ‘% = {a E fl 1 ax E N} is an ideal in Y0 . Define g : 2l ---f E by 
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g(u) =$(a.~). Clearly g is a A-homomorphism, so that (2) asserts the extend- 
ibility of g to A. Namely, there is an element r] of E such that g(u) = a~ for 
a E 58. Now define f’ : N + Ax -+ E by f’(y + a~) =f(y) + UT. Because 
a E ‘9I implies that f(azc) = a~, the function f’ is well-defined and is a 
A-homomorphism, and f’ coincides with f  on N. The maximality of N 
implies that x E N, i.e., that N = M. 
In the particular case where 0 = 0 every module is faithfully u-injective. 
If  0 = co, then a-injectivity is the same as absolute injectivity. However in 
this case the only faithfully o-injective module is 0. (In fact, 0 is the only 
u-torsion-free module.) 
Before entering into the question of the existence of o-injective modules, 
we consider some further simple properties of such modules. 
PROPOSITION 3.3. Suppose that 0 --f F -+ E -+ L --f 0 is an exact sequence 
in which E is a-injective and L is cs-torsion-free. Then F is a-injective. 
Proof. Let 2I be an ideal in .FO and f : ?f -+ F a A-homomorphism. 
Because of the o-injectivity of E, there is an element x E E such thatf (a) = a~ 
for a E ?I. In particular, ‘%x = f  (5X) CF, and hence the image of IV in L 
lies in o(L). We have assumed that a(L) = 0, hence x’ ~3’ and thus F is 
cT-injective. 
An analogue of the last result which we shall find useful is the following: 
PROPOSITION 3.4. Suppose that 0 -+ F --f E + L -+ 0 is an exact sequence 
such that F is cJ-injective and L is a a-torsion module. Then the sequence splits, 
If in addition E is a-torsion-free, then F = E. 
PYOOf. If  we apply the definition to F, then the identity map from F to 
itself extends to a map from E to F. This implies that the sequence splits, 
and E is isomorphic to the direct sum of F and L. If  w(E) = 0 then also 
a(L) = 0, while u(L) = L. Hence L = 0. 
The test for a-injectivity of a module is somewhat simplified if one already 
knows of the module under consideration that it is o-torsion-free. Such 
situations will arise frequently. 
LEMMA 3.5. Let I? be a o-torsion-free module, let N be a submodule of a 
module ;“I such that M/N is a a-torsion module and Zet f : A- E be a homo- 
morphism. Suppose there exists a submodule N’ of N such that N/N’ is a a-tomian 
module and such that the restriction off to N’ extends to a homomorphism ,from 
M to E. Then f  extends to a homomorphism from &I to E. 
Proof. Denote by f’ the restriction off to N’ and by g its extension to ild. 
Then f  andg I,,, are homomorphisms from N to E which coincide on N’. Hence 
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f  -g IN induces a homomorphism from N/N’ to E while u(N/N’) = N/N’ 
and a(E) = 0. Hence f  and g IN coincide and g is an extension off. 
We shall apply the lemma immediately to obtain the following very 
useful criterion. (It should be remarked that there is no analogue of this 
result in the ordinary theory of absolute injective modules.) 
PROPOSITION 3.6. Let u be an idempotent kernel functor, E a o-torsion-free 
module and M a submodule of E such that E/M is a a-torsion module. Assume 
further that for every ideal % E YFO every homomorphism from % to M extends 
to a homomorphism from A to E. Then E is (faithfully) o-injective. 
Proof. Let 52l be an ideal in y0 and f  : 2I -+ E a homomorphism. Let 
8 = {b E 2I 1 f(b) E M), so that 8 C 9I and B = f  -‘(f (2X) n M). Then 2Ij23 
is isomorphic to a submodule of E/M and therefore %/S is u-torsion. Since u 
is idempotent, it follows that 8 is also in y0 . The restriction off to 23 maps 
!$3 into M and hence, by hypothesis, this restriction extends to a homo- 
morphism from /l to E. By the lemma, f extends to a homomorphism from 
fl to E. Thus E is u-injective. 
From now on we shall be principally concerned with idempotent kernel 
functors. If  u is such a functor and M is a A-module, we shall now consider 
the question of assigning to M a faithfully a-injective module which is 
minimal in some sense. We start under the assumption that u(M) = 0. 
Given such a module, let G be an absolute injective module which is an 
essential extension of M. Certainly G is a u-injective module. Furthermore, 
0 = U(M) = M n U(G), so that the fact that G is an essential extension of M 
implies that u(G) = 0. Thus G is a faithfully a-injective module. Now let E 
be the submodule of G, containing ill, which maps onto o(G/M) under the 
map G -+ G/M. Then G/E is isomorphic to G/M/u(G/M), and the fact 
that u is idempotent implies that G/E is u-torsion-free. We may now apply 
Proposition 3.3 to conclude that E is also faithfully u-injective. Furthermore, 
E/M is isomorphic to u(G/M), so that E/M is a u-torsion module. Thus we 
have proved the following: 
THEOREM 3.7. Let u be an idempotent kerneifunctor. If M is a u-torsion-free 
module, then there is a faithfully u-injective module E containing M and such 
that E/M is u-torsion. 
The module E just constructed is an essential extension of M because of 
the particular way it was arrived at. Actually some of its properties already 
imply that E is an essential extension of M. Since we shall need to use this 
later, we isolate this fact. 
LEMMA 3.8. Let a be a kernel functor, X a u-torsion-free module and Y a 
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submodule of X such that X/Y is a o-torsion nwdule. Then X is an essential 
extension of Y. 
Proof. I f  x E X, the fact that a(X/Y) = X/Y implies the existence of 
an 2l E 3PU with %x C Y. Also, because c(X) = 0, ‘%x cannot be 0 unless 
x = 0. Hence, if x + 0, then 2Ix C Y n Ax and %x f  0. 
We return to a discussion of Theorem 3.7. The module E whose existence 
is asserted in that theorem is unique in a strong sense. Namely, if E’ is 
another module with the properties as in Theorem 3.7, then there is a zcnique 
isomorphism from E to E’ which is the identity on M. Namely, the fact that 
o(E/M) = E/M combined with the fact that E’ is faithfully cr-injective 
implies that the identity map from M + iV C E’ has a unique extension to 
a homomorphism from E to E’. Furthermore E is an essential extension of M, 
so that this homomorphism is a monomorphism. Thus E is isomorphic to a 
module squeezed between M and E’. Proposition 3.4 now implies that this 
isomorph of E is E’ itself. 
For applications, we wish to view E as “functorially” associated to M. 
The uniqueness of E as described above makes this possible. However, for 
psychological reasons, and also to exhibit the close similarity between our 
present abstract structure and the familiar situation in commutative rings 
and multiplicative sets, we shall give an explicit construction of a cr-injective 
module of the type of E above. 
Let u be an idempotent kernel functor. Let iVi be a u-torsion-free module. 
Denote by 52 the set of pairs (2I, f) where ‘$I is an ideal in SU andf : 2I -+ M 
is a A-homomorphism. Two elements (2l, f) and (W,f’) of !2 are called 
equivalent, (8, f) - (%‘,f’), if there is an ideal 8 E TV with 23 C (LT n 3 
such that f and f’ coincide on 23. This is obviously an equivalent relation; 
we denote by QJM) the set of equivalence classes. We shall also use the 
symbol [CZ, f ] for the equivalence class of @I.[, f j. 
I f  (XS) and (26 gj are in 52, set K = rU: n 23 and letf’ andg’ be the restric- 
tions to (5 off and g, respectively. Then (!!I, f) - (6, f ‘) and (23, g) - ((.I., g’). 
It is a simple matter to verify that [c, f’ + g’] depends only on [%, f] and 
[@B,g] and not on the particular choice of representatives ‘%, f, etc. It is 
equally simple to verify that the composition just defined gives Q,(M) the 
structure of an abelian group. 
Let (‘2,f) G Q and let x be an element of fl. Then, there is an ideal 23 E rU 
such that 8x C $9l. Define g : 23 -+ M by g(b) =f(bx). Then (‘B, g) E Q and, 
as above, [23, g] is determined by [?I, f] and x. We denote the equivalence 
class [S,g] by xc%, f]. (Note the side!) This defines a composition 
A x Q,(M) -+ g$k?), and we leave to the reader the simple verification of 
the details that this gives Qo(M) the structure of a left fl-module. 
If  N E M, definej(x) : /l + M byj(x)(a> = ax. Then (A,i(x)) is an element 
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of 0. Define i : M + Q,(M) by i(x) = [A,i(z)]. That i is a A-homomorphism 
is trivial. Now x E M is in the kernel of i if (A, i(x)) N (A, 0), or if there is 
an ideal %!I E Y- such that i(x) vanishes on 2I. This latter condition is the 
same as $?I?[x = 0, or that x E u(M). Since we have assumed that u(M) = 0, 
it follows that i is a monomorphism. 
Let f  E&(M), and let (%,f) b e a representative of f  in Q. If  a E 2I, then 
at = [A,if(a)], so that Fu,$ C i(M). Thus, Q0(M)/i(A4) is a o-torsion module. 
Furthermore, if a4 = 0, then by the discussion in the previous paragraph, 
f(a) = 0. Hence, if 2I[ = 0, then f = 0 and 5 = 0. Thus, for 5 # 0, 
‘2I.$ C i(M) n At, and 2If f  0. This shows that Q,(M) is an essential exten- 
sion of M. In particular, because G(M) = 0, and M is isomorphic with i(M), 
we conclude that c+&(M)> = 0. Finally, to verify that QO(M) is o-injective 
we use Proposition 3.6. If  2I E Y0 and f : 2I + M is a homomorphism, then 
form E = [‘$I, f] E Q,(M). Exactly as above, if a E ‘$I, then at = [A, jf (u)], 
or at = if (a), showing that f extends to a homomorphism from A to Q,(M). 
Thus, we have verified that Q,(M) is a faithfully a-injective module which, 
as an extension of i(M), has the properties described for E in Theorem 3.7. 
Still assuming that G is an idempotent kernel functor, let M be an 
arbitrary left A-module. Then, the module of quotients of M with respect 
to CJ is defined to be QO(M/u(M)) together with the map from M to 
QJM/u(M)) gotten by composing the homomorphism M-z- M/u(M) with 
the monomorphism M/u(M) -+ Q,(M/u(M)). I f  necessary we shall denote 
the map M--f Q,(M/o(M)) by i0 . Furthermore, we shall also use the notation 
&(M) in place of Q,(M/u(M)). 
Let M and A/’ be A-modules, and let f : M’-+ M be a homomorphism. 
Then f induces a homomorphism f’ : M’/o(M’) -+ M/u(M), and the proper- 
ties of Q0 imply the existence of a unique homomorphism fO : QO(M) -+ QJM’) 
which is such that the diagram 
if3 1 1 i, 
QAM’) f,\ Q,(M) 
is commutative. The pair M + Q,(M) and f .+ fv forms a covariant functor, 
and it is this functor, together with i, : M + Q,(M), that constitutes the 
formation of the module of quotients with respect to CT. We emphasize that 
the module of quotients is defined here only for idempotent kernel functors. 
We shall describe briefly the connection between the general construction 
just given and the familiar situation in commutative rings. Let A be a com- 
mutative ring and let S be a subset of A closed under multiplication. Let 
Y be the set of ideals of A which contain an element of S. Then Y is an 
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ideal topology in A (because S is closed under multiplication) and hence 
defines a kernel functor u. If  M is a module, then a(M) consists of the 
elements annihilated by some element of S. That this functor is idempotent 
is well-known, and is due to the fact that S is closed under multiplication. 
The extreme case where u = 0 corresponds to the case where S consists 
entirely of units of A, and 0 = 03 corresponds to the case wherein S contains 
the zero element of A. 
Now let M be a u-torsion-free module. If  (‘21,f) E G, then % S Aa with 
a E S and (*Ll, f) N (Aa, f’) where f  ’ is the restriction off to Aa. Here the 
element [%,f] of ,QJM) is the same as [Aa,f’]. I f  a is any element of S, 
the homomorphisms from Au to M are the same as the elements of IIf in the 
sense that a homomorphismf from Aa to M may be identified withf(a) G M. 
That this identification is possible is due to the fact that a(M) = 0. Now 
QJM) becomes identified with the usual module of quotients MS by identi- 
fying [Aa,f] (with n E S) withf( a ), ‘u in Ms. That this is a module isomor- 
phism is trivial. 
We return to the general case; let cr be an idempotent kernel functor of A. 
If  M is a a-torsion-free module, then i, : M-+Q,(M) is a monomorphism. 
In order to avoid a multiplicity of symbols, we shall consider i, an identifica- 
tion, and from now on mill view M as a submodule of QdM). 
If  f  : M’ + M is a monomorphism, then f’ : M’/cr(M’) + M/o(M) is also 
a monomorphism. Furthermore, Q),(W) is an essential extension of M’/o(M’), 
so that the induced map fO : QJM’) + Q,(M) is also a monomorphism. 
Now, suppose that M is a-torsion-free and 0 -+ M’ & M % M” is exact. 
Then, we know already that fO : QJM’) -+ Q,(M) is a monomorphism, and it 
is trivial that g,fO = 0. Suppose that .$ E Q,(M) is in the kernel of g, . Since 
QJM)/M is o-torsion, there is an ideal ‘2I E Y0 with 9L$ C M. Furthermore, 
gV(@ = 0 implies that %f is contained in the kernel of g. Hence, $?ff is in 
the image of f.  Thus, the kernel of g, contains fo(Qg(M’)>, and modulo 
JYQOW’)h is a u-torsion module. It follows from Proposition 3.4 that 
fclQ#W: coincides with the kernel of g, . Hence we find that 
0 -Q~(M’)+Q,(M)+Q,(M”) is exact. This was, thus far, verified under 
the supplementary hypothesis that u(M) = 0. 
To consider the exactness question in the general case, we make one 
more preliminary observation. Suppose that M’ is a submodule of M such 
that U(M) =: 0 while u(M/M’) = M/M’. From the first hypothesis, 
Qo(M’) C Q,(M). From the second hypothesis, and from Proposition 1*7, 
we conclude that QJM)/M ’ is a g-torsion module. Hence QO(M)/,Q&‘W) 
is also a u-torsion module so that, by Proposition 3.4, QJM) = QJM’). 
Now let 0 -+ M’.f, ML W-t 0 be an exact sequence. Set L’ = M’/o(M’), 
L = M/U(M), L” = M”/@W”). Also, set N = g-l{+W”)), so that o(M) C hr, 
and finally set X = N/u(M). Then, 0 ---f X + L -+ L” + 0 is exact, and 
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u(L) = 0, so that 0 +Qo(X) -Q&T) -Q&C.“) is also exact. Of course 
Q&5) = Q,(M) andQ,,(L”) = Q&W”). Now, N3f(M’) with N&W’)~ u(M). 
Hence, X contains f(W) + u(M)/o(M), and, modulo the latter sub- 
module, is u-torsion. Hence, by the remark above, QJX) coincides with 
Qocf(M’) + u(M)/u(M)). However, f(M) + u(M)/u(M) is exactly the 
image in M/u(M) of M’/u(M’). Thus, we have proved: 
THEOREM 3.9. If  a is an idempotent kernel functor, then Q0 is left exact. 
Namely, if 0 -+ M’ + M + M” -+ 0 is exact, then. 
0 -+ Q&V -+ Qo(M) - QJM”) 
is also exact. 
Note. No assertion is made in the theorem about right exactness. Indeed, 
it is not valid in general. This will be discussed in the next section. 
SECTION 4. THE RING OF QUOTIENTS 
Let u be an arbitrary kernel functor. Since, for any module M, the sub- 
module u(M) is described by annihilator conditions (Theorem 2.1), u(M) is 
stable under all A-endomorphisms of M. In particular, a(A) is a twosided 
ideal of A. If  M is any module and 3 E M, then u(A)% is a homomorphic 
image of u(A), so that u(A)x is u-torsion. Hence, in general, u(A)M C u(M). 
Consequently, if M is u-torsion-free, then u(A)M = 0, and M is a A/u(A)- 
module. 
Suppose that u is idempotent. We form QJA) which contains A/u(A), and 
which is a A/u(A)-module. In fact, Q&l) is a ring. 
THEOREM 4.1. QU(A) is a ring in such a way that A/u(A) is a subring and 
such that the structure of QO(A) as a left A-module a’s induced by the ring structure. 
Furthermore, this ring structure is unique. 
Proof. Set A, = A/u(A) for convenience. If  r] is an element of Q&l), 
then x H xr] is a A-map from A, --j QJA). View Q,(A) first as an extension 
of A, with Q&l)/AO a u-torsion module, and second as a faithfully u-injective 
module. Then, the map .r I+ xv extends uniquely to a map f : Q,,(A) -+ Q,(A). 
I f  6 E QJA), then 87 is defined to be f  (5). That this is the required ring 
structure on QJA) is now readily verified and also shows why that ring 
structure is unique. 
If  E is a faithfully a-injective module, then u(E) = 0, so that E is a module 
over A/u(A). By exactly the same argument as above, we have: 
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COROLLARY 4.2. If  E is a faithfully a-injective module, then the A-module 
structure extends uniquely to give E the structure of a left QO(A)-module. 
The ring Q&l) is of course called the ring of quotients of /l with respect 
to 0. The map i : ./I -Q&l) is a ring homomorphism. In the classical 
situation of commutative rings and multiplicatively closed sets, there are 
two outstanding properties possessed by the ring of quotients. The first 
asserts that the image of an element of the multiplicative set in the ring of 
quotients is a unit in that ring and the second asserts that, in our present 
notation, Q,,(M) = QO(J On ill. A s we shall show by example, these 
properties are not universally valid. Our present purpose is to investigate, in 
the general case, the relation between these properties and various other 
properties of rings and modules of quotients. 
THEOREM 4.3. Let o be an idempotent kernelfunctor of 11. Then the following 
assertions are equivalent: 
( 1) Every Q,(A)-module is cr- torsion-jyee. 
(2) Qo(A)i(21) = Q,(A) for every 2l E & . 
(3) Every Q,(A)-module is faithfully cr-injective. 
(4) Q,(A) @ n/i is isomorphic to Q,(M). 
(5) The fumtor QO is right exact and commutes with direct sums. 
Proof. (1) s- (2) 
We have i(%) C i(A) CQ&l) with Q&4)/i(n) a a-torsion module and 
i(A)/i(FLc) G A/% + 0(A) I a so a u-torsion module. Hence by Proposition 1.7, 
Q,(A)/i(%) is also a o-torsion module. Since i(%) C Q&l)i(ZI), it follows that 
Q&‘YQoW(~> is again u-torsion. However, this last /l-module is also a 
Q,(ra)-module, hence by (l), Q&l) = Q,(A)i(cU). 
(2) * (3) 
If  E is a QJfl)-module, then o(/l)E = 0, so that for any x E E and $!I E 2: 
we have 2k = i(%)x. Hence by (2), if ‘%x = 0 then x = 0. Thus U(E) = 0 
(so that (2) 3 (1)). Now, suppose that f  : M -+ E is a /I-homomorphism. 
Since o(E) = 0, f  vanishes on u(‘%) = !?I n cr(fl), so that f  may be identified 
with a map from i(%) into E. By (2), we have 1 = C q&(aj) with qi E Q&l) 
and aj E K There is an ideal 23 E YD such that !Bqj C i(A). Set 6 = M n 8, 
so that 0: is still in Y0 . Also set t = C qj f  (ai) E E. Now, if c E E we have 
ct = C cqJ(aJ = Cf(cpiai) because cqj E;(A). From I = x q,i(aJ we get 
i(c) = C cqji(aj) and hence c[ =f(c). Th is shows that the restriction off 
to E has an extension to a map from /l to E. It follows from Lemma 3.5 that 
E is faithfully a-injective. 
(3) * (4) 
Q&l) On M is considered, in the usual way, as a left Q&l)-module by the 
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action of that ring on the first factor in the tensor product. By (3), Q&l) On M 
is a faithfully a-injective module. We map j : M -QJA) @A M by 
j(x) = 1 @ X. Since Q&4) On M is u-torsion-free, the kernel of j certainly 
contains u(M). Now, Q,(M) is a Q&l)-module, and hence there is a map 
12 : Q&l) @ M --+ Q,(M) such that kj is precisely i, : M --+ Q,(M). Hence, in 
particular, the kernel of j is precisely u(M). Thus j : M/u(M) -+ Q&l) @ M 
is a monomorphism, and furthermore, it is trivial that QJ/l) @ Mfi(M) is 
a u-torsion module. It follows that k is an isomorphism. 
(4) =s- (5) 
This implication is trivial. 
(5) * (2) 
Let 3% E Y. ; then Q,(Ji(2l) is a Q,(A)-module. Let F be a free Q&i)- 
module such that there is an epimorphism ?T : F + Q&l)i(2f). F is isomorphic 
to a direct sum of copies of Q,,(A) indexed by some set. I f  F,, is a direct sum 
of copies of .l with the same index set, then the fact that Q, commutes with 
direct sums implies that Q,(F,J is the same as F, and therefore F is faithfully 
u-injective. Hence Q,,(F) = F. The right exactness of QO asserts that z 
extends to an epimorphism from Q,(F) to Q,(Q#l)i(Pl)). But QJF) = F so 
that Q~(Q&l)z(‘%)) is the same as Q&l)i(?f). (Here we have used the fact that 
QD(/+o) is u-torsion-free, which is a consequence of Q,(~)~(21) CQ,(/l).) 
Thus we now know that QJfl)@l) is u-injective. At the same time, as we 
have seen in the proof of (1) * (2) Q&l)/QO(&(‘X) is a u-torsion module. 
Hence, by Proposition 3.4, Q&l) = Q@)i(%). 
We have already seen in the proof of (2) 3 (3) that (2) 3 (1). This com- 
pletes the proof of the theorem. 
An idempotent kernel functor which has any of the properties described 
in Theorem 4.3 will be said to have property (T) (for tensor product). The 
two properties which are combined in (5) above can be separated. W’e shall 
say that a kernel functor u is noetheriun if its associated topology TO has the 
following property: if 2I, C %a C .*. is an ascending chain of left ideals 
whose union is in Y-= , then 9I, E FO for some II. 
THEOREM 4.4. Let u be an idempotent kernel fimctor. Then the following 
are equivalent: 
(1) The direct sum of faithfully u-injective modules is faithfully a-injective. 
(2) Qcr commutes with direct sunzs. 
(3) u is noethmian. 
Proof. (1) 3 (2) 
Let {Mm) be a family of u-torsion-free modules. Then, by (l), IJQ&l&) 
is faithfully a-injective. Furthermore, there is an obvious imbedding of 
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u n/r, into IJ Q,(MJ, which we shall view as an identification. Since? for 
each 01, the module Q,(MJ/A& is u-torsion, and since 
we see that u Q,JMJJJ Ma is also a o-torsion module. It follows from the 
uniqueness of the module of quotients that u Q,(M,) = Qzn(u MJ. 
(2) * (3) 
Let211,C21,C--~ be an ascending chain of left ideals such that 9 = x 2& 
is in .9YD . Since each element of 3 lies in all $3, from some point on, there is 
an obvious homomorphism f  : ‘D -> u il/‘%, . Also, since D E .FO , this map 
extends to a homomorphism S’ : fl -Q&J Q&). By (2), we have 
Q&J /Ii‘&) == u Q,(@&). Let 6 E ~Q0(fl/91,) be f’(l). Then, we have 
f(d) = d[ for every d c a. There is an integer h such that 5, = 0 for n 3 h 
(where 5, is the component of E in Q,(Q&J), and hence, for all d E 9, the 
image of d in /l/9& lies in the kernel of the map /l/5%, + Q,(/l,WrJ. Thus, 
a/& C g(fl,%,), whence, by Theorem 2.5, o-1, E .FO . 
Let (EJ be a family of faithfully o-injective modules. It is clear that u E, 
is u-torsion-free, so that we have only to verify that JJ E, is o-injective. Let 
then 9 be an ideal of q and f : D -+ u Ea a homomorphism. Since each 
E, is u-injective there is an element f  = (&J E n E, such that f(d) = de, 
for d E %. Here we consider u E, imbedded in fl E, in the obvious way. 
We will be done as soon as we verify that [ is actually in u E, . Let X be 
the set of those indices 01 for which e, + 0; we shall shorn that X is finite. 
Now, 35 =f(B)C JJ E, so that, for each d E 3, we have d& = 0 almost 
all pi. Let C be any countable subset of X, C = (a1 , 01~ ,...>. Define “-I, as the 
set of d E 3 for which d&, = 0 for i > n. Clearly 9fr C ‘%a C m.., and by the 
remark in the previous sentence, x ‘+& = 9. Hence by (3), !&, E 9: for 
some h. At the same time, (Uh& = 0 for n 3 h. However, E, is rr-torsion- 
free, and hence ten = 0 for n >, 12. This shows that C is finite. But if a set X 
has the property that every countable subset is finite, then the set X must 
itself be finite. 
We note that a condition sufficient to insure that CT be noetherian is that 
every ideal in F0 contains a finitely generated ideal also in FU . This is 
sometimes useful in applications. It is not clear whether this condition is 
actually equivalent to (J being noetherian. However, one can easily show 
that if c Ras property (T), then this finiteness property is valid for the ideals 
in 9” . For this purpose, one uses (2) of Theorem 4.3. 
For the consideration of the right exactness of 0, , we introduce another 
definition. Let 0 be a kernel functor and let P be a left /l-module. Then me 
say that P is u-projective if the following is valid: Given o-torsion-free modules 
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M and M” and an epimorphism M + M” -+ 0 and given a homomorphism 
P + M”, there is a submodule P’ of P with P/P’ u-torsion, and a homo- 
morphism P’-t M such that the diagram 
O--+P’--+P 
M-M”-0 
is commutative. Note that if P is projective in the usual sense, then P is 
certainly u-projective. 
THEOREM 4.5. Let CJ be an idempotent kernel f2cnctor. Then the following 
are equivalent: 
(1) Every ideal ‘21 E F0 is u-projective. 
(2) If E is faithfully o-injective, E’ is a submodule of E such that E/E’ is 
a-torsion-free, then E/E’ is o-injective. 
(3) Qu is ra$t exact. 
Proof. (1) =s- (2) 
Given E and E’, we test the a-injectivity by starting with an ideal 2l E F0 
and a homomorphism f : 2l-+ E/E’. Denote the map E -+ E/E’ by rr. By (l), 
there is an ideal 23 C 9l with u(‘%/%) = ‘%[/B and a homomorphismf’ : 93 -+ E 
such that r f’ coincides with the restriction off to 23. Since u is idempotent 
we know, by Theorem 2.5, that 23 is also in Y0 . The fact that E is u-injective 
then implies that f’ extends to A, i.e., that there is an element y  E E with 
f’(b) = by for b E b. Hence, if 7 = r(y), then f(b) = b for 6 E 8. Since 
E/E’ is u-torsion-free, it follows that f extends from 2I to E/E’ by f (a) = a?. 
(2) => (3) 
Suppose that M -+ M” -+ 0 is an epimorphism, where both M and M” 
are u-torsion-free. Then, there is induced a map Q,(M) -+QJM”) and, 
by (2), the image X of QJM) is u-injective. Since X obviously contains M”, 
the uniqueness of ~QJM”) shows that X = QJM”). 
(3) * (1) 
We are given the following diagram 
!?I 
1 f 
M ?r, M” - 0 
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with ‘LI E FO and both M and M” u-torsion-free. We form 0, , and using (3), 






Q,(M) % Q&W’) ---+ 0 
Because Q,(M”) is o-injective, and 9% E TO , the map if : % --f $&(M”) extends 
to A. Hence, there is an element v  EQ,(M”) such that if(a) = a~, for a E 9X. 
Using (3), that 7~~ is an epimorphism, we choose an element y  E Qc(M) such 
that am = 7. Using the fact that Q,,(M)/M is o-torsion, there is an ideal 
23 C % with % still in FO such that 23~ C M n ‘Lcy. If  we now setf’ : 23 -+ M 
byf’(b) = by, then it is clear that 
M-M”---+0 
is commutative, while ‘$I/% is u-torsion. Thus, ?I is a-projective. 
It has become customary to call a ring A (left) hereditary if every left ideal 
is projective. In view of the last two theorems, we see that a (left) noetherian 
hereditary ring has the property that every idempotent kernel functor has 
property (T). 
Let G be an idempotent kernel functor having property (T). Let I be a 
left ideal in .QJ.A) and let % = I n i(A). Then it is trivial to verify that r/5& 
is o-torsion. Hence 1/f&(A)‘U is also o-torsion. But because o is assumed to 
have property (T), the Q,(A)-module -I/Q&l)% is a-torsion-free. Conse- 
quently, 1= QO(A)21. Thus, we have proved: 
PROPOSITION 4.6. If  o is an idempotent kernel functor having property (T), 
then every left ideal in Q,JA) ’ g zs enerated by a left ideal of A/a(A). In particular, 
if A is (left) noetherian, then Q,(A) is aZso. 
Localization in commutative rings is a useful technique for studying 
projective modules. Since the functor corresponding’ to a multiplicative set 
has property (T), the fact that the localization of a projective module yields 
a projective module over the ring of quotients is a formality. In our general 
case this procedure cannot work for an arbitrary idempotent kernel functor. 
However, no difficulty arises if me study only finitely generated modules. 
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THEOREM 4.7. Let CI be an idenzpotent kernel functm. If F is a $nitely 
generated free A-module, then QJF) = Q&I) On F. If P is a $nitely generated 
projective A-module, then QJP) = Q,(A) an P, and hence QJP) is a j%tely 
generated projective Q&l)-mo&le. 
Proof. F is the direct sum of a finite set of copies of fl. Any additive 
functor commutes with finite direct sums, so that F = .A @ **. @A 
(n copies) implies that Q,(F) = Q&l) @ -0. @QJ/l) (n copies). Hence 
Q,(F) = Q&4 OAF. 
If P is a finitely generated projective n-module, then P @ P’ = F for some 
P’ with F a finitely generated free /l-module. Again, QJF) = QO(P) @ QJP’), 
and Q,(F) = Q&l) @ P @ Q&l) @ P’. It is clear that Q,,(P) = Q&l) aA P. 
In view of this last result, there is induced, for an arbitrary idempotent 
kernel functor o, a homomorphism from the projective class group of /l to 
the projective class group of Q&l). 
SECTION 5. THE ASSOCIATED KERNEL FUNCTOR OF A MODULE 
Let S be an arbitrary n-module. There is at least one kernel functor p for 
which p(S) = 0, namely p = 0. In general there are other such p and our 
intention for the moment is to obtain some information about the class of 
all such p. We remark that if p(S) = 0, then also p(S) = 0. Suppose that E 
is an essential extension of 5’. Then if p(E) = 0, certainly p(S) = 0. On the 
other hand, if p(S) = 0, then 0 = p(S) = S I-J p(E), so that also p(E) = 0. 
Let us denote by V(S) the set of those p for which p(S) = 0. Then, if E is 
an essential extension of S we have V(S) = V(E). Consequently, for a given 
module S, the set V(S) may be obtained by using for E the injective envelope 
of S. To avoid triviality, we remark that V(0) = K(A), and hence we shall 
now consider only nonzero modules. 
THEOREM 5.1. Let E be a nonxero injective module. If M is any A-module, 
de$ne r(M) to be the intersection of the kernels of all homomorphisms from M 
to E. Then: 
(1) 7 is a kunel functw. 
(2) 7 E V(E) and for any p E K(A) we have p E V(E) + p < 7. 
(3) 7 is i.dempotent. 
Proof. (1) Clearly T(M) is a submodule of M. If f : M' --+ M is a homo- 
morphism, let x E $111’). We must show that f(x) E 7(M). Let g : M -+ E 
be arbitrary. Then gf : M’ -+ E, so that d(x) = 0. But this means precisely 
that f (“v) E 7(M). Finally, let M’ C M. From the preceding we already know 
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that T(M) C M’ n T(M). Now, suppose x E M’ n T(M), and suppose 
g : M’ -+ E is a homomorphism. Since E is injective, there is a homomor- 
phism h : M--+ E extending g. Then h(x) = 0, so that also g(x) = 0. Thus, 
x E r(M) and hence T(W) = iki’ n T(M). This shows that 7 is a kernel 
functor. 
(2) Clearly 7(E) = 0 since there is a monomorphism from E to itself. 
Hence T E V(E). Also, if p < 7, then certainly p(E) = 0 or p E V(E). Finally, 
suppose that p(E) = 0. Then, if M is an arbitrary module, and g : M-t E 
is a homomorphism, the assumption p(E) = 0 implies that gp(M) = 0. 
Hence, p(fw) c I, or p < 7. 
(3) Because 7 E V(E) we have t E V(E), hence by (2), ? < 7. This shows 
that d = 7. 
If  S is any nonzero module, the result just proved asserts that the set V(S) 
has a largest element obtained by using for E the injective envelope of 5’. 
That kernel functor will be denoted by Ts and will be called the associated 
kernel functor of S. To complete the definition we also put ~a = cg. 
Let R be a commutative ring. If  X is a subset of R which is closed under 
multiplication, then as we have already remarked, X defines a kernel functor, 
which we shall denote by ,ur . Here, pX(M) consists of the elements of M 
which are annihilated by some element of X. If  p is a prime ideal, and X 
denotes the complement of ‘p, we shall also write pro in place of pr . 
PROPOSITION 5.2. Let ‘$I be a psopw prime ideal in a commutative ring. 
Then T~,,~ = pep - 
Proof. I f  a E R is not in $3, then ax E!@ implies that x GY. Hence 
p&R/@) = 0, ~0 that pq < Twig . Now let 9I be an ideal not in the topo- 
logy SU, . Then ZI does not contain any element of the complement of !J$ 
namely VI C ‘$3‘ But then ‘$I annihilates all of R/p so that Su 4 FTRls . Hence 
3- rRlp ’ &, Or rR/!J3 < pQ and therefore TRIP = t+ . 
We return to the general case. 
THEOREM 5.3. Let 0 be an idempotent kernel functor of A. Then, there 
exists a module 8 such that 0 = TV . 
Proof. I f  c = co we simply take S = 0. Assume now that [T f  co. Then 
there are left ideals 9% of /I not in Y0 , i.e., such that c+l/%) Lf @I. Let 8 
be the left ideal containing % such that %/‘$f = c@/‘%). Then 23 is proper 
and u(r1/23) = 0. (Here we use the fact that (J is idempotent.) Now let S be 
the direct sum of all A/23 as % ranges over those left ideals such that 
a(/1/!$3) = 0. Since each @I3 is o-torsion-free, it follows that S is aiso 
u-torsion-free and hence G < 73. Assume for the moment that Ts is properly 
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larger than o; then there is an ideal 2l such that ~&l/%) = A/‘%, while 
+l/‘%) # A/‘%. Form the ideal 8 as above. Then because 23 r) % we have 
~~(fl/!B) = /l/2$ while 8 # fl and 0(11/23) = 0. Then, A/S is a submodule 
of S and hence T&~/S) = 0 and this contradicts 7&l/B) = A/!& This 
shows that 7s is not properly larger than u and thus I-~ = 0. 
Let X be a subset K(-4). I f  M is any module, define u(Jl) to be the inter- 
section of all p(M), as p ranges over X. It is trivial to verify that u is also a 
kernel functor. It is clear that CT < p for every p E X, and furthermore, if 
7 < p for every p E X, then 7 < 0. Thus it is reasonable to call (J the in$nimum 
of X. VVe shall denote u either by inf (p j p E X} or nDExp. It follows from the 
description of u by the above inequalities that u is idempotent whenever 
each p E X is idempotent. 
PROPOSITION 5.4. Let {Mu} be a set of modules with M = JJ Ma . If 
Pa = rM, , then inf {pa} = 7-M. 
Proof. Since M, is a submodule of M, we have TM < pa . Also, if u < pa 
for every ~11, then o(M) maps onto 0 under every projection M-+ ik& and 
hence o(M) = 0. Thus, u < TM and we find that TM = inf (pa}. 
Suppose that a nonzero module M has the property that it is an essential 
extension of every nonzero submodule. If  we have 7M = p n u for some pair 
of kernel functors, then p(M) n o(M) = 0. Hence, either p(M) = 0 or 
U(M) = 0. In erther case, we also have TM < p and rM < cr, and hence either 
TM=p or TM= u. Thus, we find that TM is indecomposable in the obvious 
sense. 
An injective module F is an essential extension of every nonzero submodule 
if, and only if, F cannot be decomposed into a direct sum in a nontrivial way. 
Such a module is called an indecomposable injective module. Let A be (left) 
noetherian. Then it is well-known (see Maths [2]) that every injective module 
is a direct sum of indecomposable injective submodules. Let T be an idem- 
potent kernel functor. By Theorem 5.3, 7 = TM for some module M, and 
then also r = TE with E the injective envelope of M. Now E = JJ E, , 
with each E, an indecomposable injective module, so that 7 = inf (Q }, and 
each TE is an indecomposable functor. Thus, in case 11 is noether&, the 
set of idimpotent kernel functors is “generated” (in the sense of inf) by all TE , 
with E an indecomposable injective module. 
We conclude this section with one further property of the kernel functor 
TE which we shall find useful in studying primes. Suppose that E is a nonzero 
injective n-module; set G = TE . Then, E is a faithfully a-injective module, 
so that E is naturally a module over the ring of quotients Q&l). Let F 3 E 
be a Q&l)-module which, in this structure, is an essential extension of B. 
Considering E and F as A-modules, the injectivity of E implies that 
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F = E @ W, with W a A-submodule of F. Suppose, for a moment, that 
15’ # 0; let zu E W be nonzero. Then, E n Q&.&u =# 0 and we may choose 
an element a E Q&l) such that olw E E and oizu # 0. There is an ideal 2l E FU 
such that *2101 C i(A) ( w h ere i : A +Q,(A) is the canonical homomorphism). 
But then ?lolw C E n W = 0. However, this implies that uw is a o-torsion 
element of E, which contradicts the fact that E is o-torsion-free. We conclude 
therefore that A’ = 0 and F = E. This shows that E is an injective Q,(A)- 
module. 
Suppose that 53 is a left ideal in Q&l) such that JIE = 0. Let f  : R -+ E 
be a A-homomorphism. Then f  is also a Q,(A)-homomorphism, and the 
injectivity of E implies that f  extends to a homomorphism from Q&l) to E. 
That is, there is an element /3 E E with f(x) = $3 for x E 52. However, 
SiE = 0 now implies that f = 0. Thus, there are no nonzero homomor- 
phisms from A to E and hence ~(52) = si. But Q,(A) is a-torsion-free and 
thus we find that 5% = 0. This shows that E is a faithful Q,(A)-module. 
Returning to the structure of E as a A-module, we first note that o(A)E = 0 
because of the fact that CT(E) = 0. Finally, an argument exactly as above 
shows that the annihilator of E in rl is precisely G(A). Thus we have proved: 
THEOREM 5.5. Let E be a nonzero injective A-module and let u = Y-~, 
Then E is in a natural way a Q&l) -module and in this structure is faithful and 
absolutely injective. The annihilator of E in A is a(A). 
SECTION 6. PRIMES 
Let (r be a kernel functor. By a supporting module for u will be meant a 
nonzero module S which is u-torsion-free and such that S/S’ is a o-torsion 
module for every nonzero submodule S’. (Note that we do not mean to 
imply that every kernel functor has a supporting module.) 
PROPOSITION 6.1, Let c be an idempotent kernel functor, and let S be a 
supporting module for o. Then: 
(1) S is an essential extension of every nonzero submodule. 
(2) Every nonzero submodule of S is also a supporting module for U. 
(3) If T 3 S and u(T) = 0 zuhile o(T/S) = T/S, then T is also a sup- 
porting module for (T. 
(4) S is a supporting module for 7s. 
Proof, (1) Suppose that S’ n S” = 0 with S’ i: 0. Then S” is iso- 
morphic to its image in S/S’, while S” is o-torsion-free and S/S’ is o-torsion. 
Hence S” = 0. 
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(2) Let S, be a nonzero submodule of S. Then, certainly o(S,) = 0. 
If  S’ C S, and 5” # 0, then SJS C S/S’, while SjS’ is u-torsion, so that 
S,/S’ is also u-torsion. 
(3) The conditions on T imply, by Lemma 3.8, that T is an essential 
extension of S. Let T’ be a nonzero submodule of T. Set S’ = T’ n S, so 
that S’ # 0. Then, we have an exact sequence 0 -j S/S’ --f T/T’-+ T/S -+ 0 
in which the end modules are u-torsion. It follows from Proposition 1.7 
that T/T’ is also a-torsion. Thus T is a supporting module for 0. 
(4) Clearly TV = 0, while 7s > o implies that T~(S/S’) = S/S’ if 
S’ # 0. 
A kernel functor p is called a prime if there is a supporting module P 
for TV such that p = Q. If  S is a simple /l-module and p = r9’ then it is 
obvious that S is a supporting module for p and therefore p is a prime. Thus, 
every maximal left ideal of fl gives rise to a prime. 
It is simple to verify that if S and S’ are non-isomorphic simple modules, 
then TV = S’. Thus, the primes which arise from simple modules are 
in one-to-one correspondence with the isomorphism classes of the simple 
modules. This observation permits us to make the following remark: all 
simple fl-modules are isomorphic if, and only if, 0 is a prime. Suppose first 
that all simple modules are isomorphic, and let S be one of them. If (T # 0, 
then there is a proper ideal in F0 and hence also a maximal ideal !I@ is in s0 . 
Since /1/9X is isomorphic to S, there is an element of S which is annihilated 
by %R. Thus, o(S) = S. This shows that rs = 0, or 0 is a prime. Conversely, 
suppose that 0 is a prime. Clearly, a supporting module for 0 must be simple, 
say S. If  5” is also simple and is not isomorphic to S, then TV = S’. 
But this cannot be the case if TV = 0. Thus all simple modules are isomorphic. 
For calculating with primes, the following lemma will be quite useful. 
LEMMA 6.2. Let S be a supporting module fm a kernel functor G and let E 
be a o-torsion-free module. Then any nonzero homomorphism from S to E is 
a monomorphism. 
Proof. Let f : S + E be a nonzero homomorphism, and let 5” be its 
kernel. Then f induces a monomorphism from S/S’ into E, and therefore 
S/S’ is u-torsion-free. It follows that S’ = 0. 
As an important first use of the lemma, we have: 
PROPOSITION 6.3. Let p be a prime and let S be a supporting module for p. 
Then 7s = p. 
Proof. Let P be a supporting module for p such that ,LL = rp. Let E be 
the injective envelope of P so that p = rE. Since ,LL(S) = 0, there are nonzero 
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homomorphisms from S to E and hence, by the lemma, there is a mono- 
morphism from S to E. We may therefore suppose that S C E. Now, E is an 
essential extension of P, while P is an essential extension of each of its 
nonzero submodules. It follows that E is an essential extension of each of 
its nonzero submodules. But, 0 = rs(S) = S n -rs(E), so that S-~(E) I- 0. 
This implies that r8 < p, while p(S) = 0 implies that p < r8 . Thus TS = p. 
Before continuing with the general development of the properties of 
primes, let us describe the primes of a commutative ring. Let then R be a 
commutative ring, and suppose first that ‘$ is a proper prime ideal in R. 
As we have seen in Proposition 5.2, the functor TX/~ is just pFp and it is 
trivial to see that R/‘$ is a supporting module for this functor. Now, suppose 
p is a prime in our present sense; let P be a supporting module for p. Let 5 
be a nonzero element of P and let ‘$ be its annihilator in R. Then R/‘p is 
isomorphic to Rf, so that by Propositions 6.1 and 6.3, R# is a supporting 
module for p while p = T&,~ . It follows that every ideal of R which properly 
contains ‘$ is in the topology TU . Now, suppose that ab E !@ with a 6 ‘B. 
Then ‘u = !I3 + Ra is in YU , while %b C ‘@. But then from p(R/‘$?) = 0 
it follows that b E ‘!@. Thus $J is a prime ideal, and hence also p = CL@ . 
Thus we see that for a commutative ring, our present concept of prime is no 
different from the usual notion of proper prime ideal. 
We return to the general case. Let p be a prime and P a supporting module 
for p. We form the module of quotients Q,(P), By Proposition 6.1, Q,(P) 
is also a supporting module for p. 
THEOREM 6.4. Let p be a prime. Then, up to isomorphism, there is only one 
suppmtircg module for p which is at the same time I”-injective. 
Proof. That there is at least one such module has been noted above. 
Let P and Q be supporting modules for p, each of which is also p-injective. 
Let E be the injective envelope of Q. Then, as we have seen in the proof of 
Proposition 6.3, P is isomorphic with a submodule of E and we shall identify 
P with its image in E. Also, E is an essential extension of Q, so that 
P’ = P n Q # 0. Then, ,u(P/P’) = P/P’, so that the identity map from P’ 
into Q extends to a homomorphism from P to Q. Since P is an essential 
extension of P’, that homomorphism is a monomorphism. Thus, P is iso- 
morphic to a submodule P,, of Q. Since Q is a supporting module for p, it 
follows that Q/P, is CL-torsion, so that by Proposition 3.4, P,, = Q. 
We had observed above that if S is a simple module then r9 is a prime. 
Let us call such primes maximal (although they are really minimal in the 
ordering of K(A)). One of the virtues of the formation of moduies of quotients 
in commutative rings lies in the fact that no nonzero element of the given 
module can be annihilated by every localization at a maximal ideal. Exactly 
the same situation prevails in our general setting. 
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Proposition 6.5. inf (p 1 p max prime) = 0. 
Proof. Denote the inf by C. We must show that 0 is the only u-torsion 
module; assume that this is not the case. If  M f  0 is a u-torsion module, 
let x: be a nonzero element of A/r, and let ‘?I be its annihilator in fl. Then A/%[, 
which is isomorphic to rlx, is also a u-torsion module. Let %R be a maximal 
left ideal which contains ‘8. Then S = /lj!UuZ is a homomorphic image of 
@Xc, so that S is also g-torsion. But if p = 7s, then p > (3 and hence S is 
p-torsion, which is impossible. Thus, 0 = 0. 
To prepare the ground for the next concept to be introduced, we make 
one further observation about primes. Suppose that P is a supporting module 
for a prime p, and suppose that p is an idempotent kernel functor properly 
larger than ,u. Then, p(P) # 0 so that P/p(P) is a p-torsion module. Since 
p > p, it follows that the p-torsion-free module P/p(P) is also a p-torsion 
module. This can happen only if p(P) = P. 
We now weaken this property of P to provide the following definition. 
A nonzero module M will be called stable if M is an essential extension of 
p(M) for every idempotent kernel functor p which is properly larger than 
TV. Obviously a nonzero module which is an essential extension of every 
nonzero submodule is stable. The converse is certainly not true. 
PROPOSITION 6.6. Let M be a nonzero module. Then the following assertions 
are equivalent: 
(1) M is stab2e. 
(2) If N is a lzonzero submodule of M, then rN = rM. 
PYOOf. (1) 3 (2) 
Given any nonzero submodule N of M, we have always Q~ < ~~ . Suppose 
that T,,, f  rM. Then S-~(M) f  0, while TV n N = 7&V) = 0. This 
contradicts the fact, by (l), that M is an essential extension of Q-~(M). 
(2) * (1) 
Suppose that p is properly larger than TV . Suppose also that N n p(M) = 0. 
Then, p(N) = 0, so that p < 7N . It would follow from this that rN is properly 
larger than rM, hence, by (2), N = 0. 
It is obvious that a nonzero submodule of a stable module is also stable. 
In the other direction, we have: 
PROPOSITION 6.7. Let Ml ,..., 144~ be stable modules and such that 
7MI = 7M2 = *a- = 7Mm . Then JJ Mi zs stable. 
Proof. It is clearly sufficient to prove the assertion for two modules. 
Let N be a nonzero submodule of Mi @ M, . I f  N n Ml = 0, then N is 
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isomorphic to its image in n/l, under the projection map onto Ma . Hence, 
in this case, 7N = ~~ = 711110M . 2 On the other hand, suppose 
AT’ = N n M1 f  0. Then,:, < 7N’ = 7y < 7N so that 7N = pi’ = rMz @rzl, - 
With these preparations out of the way, we now introduce tie following 
definition. A nonzero module Q is called primary if Q is stable and ho is a 
prime. Obviously if Q is a nonzero module which is an essential extension 
of every nonzero submodule, then Q is primary if, and only if, -rQ is a prime. 
THEOREM 6.8. Let Q be a nonzero module which is an essential extension 
of every nonxero submodule. If  furthermore the ascending chain condition holds 
for submodules of Q, then. Q is primary. 
Proof. We have T&Q) = 0. Using the fact that the ascending chain 
condition holds in Q, there is a proper submodule Q,, of Q which is maximal 
with respect to the condition T~(Q[Q,,) = 0. Set P = Q/Q0 . Let P’ be a 
nonzero submodule of P, let Q’ 3 Q,, be chosen so that Q’/QO = P’. Then the 
maximality of Q,, implies that T~(Q/Q’) f  0. Let Q” 3 Q’ be chosen so that 
Q”/Q’ = +ro(Q/Q’). Then, T~(Q/Q”) = 0, because Q/P = Q/Q’/ra(O/Ci’). Mm -- 
Again the maximality of Q,, implies that Q” = Q. Thus, P/P’ which is iso- 
morphic to Q/Q’ is a ra-torsion module. We conclude from this that P is a 
supporting module for ho. It follows that 7P is a prime; we know that 
TQ < TV, and we must prove that 7P = 7o . 
Let E be the injective envelope of Q, so that 7Q = 7x. Since r*(P) = 0: 
and P is a supporting module for 7Q, there is a monomorphism from P 
into E, and we shall identify P with its image in E. Also, since Q is an essential 
extension of every nonzero submodule, it follows that E is also an essentia! 
extension of each of its nonzero submodules. Hence, 0 = TV = P Fq TV 
implies that TV = 0. Thus, 7P < T-~ = TQ < rP and we conclude that 
Tp = T 0. 
COROLLARY 6.9. Let M be a nonxero module satisfying the ascending chazk 
condition on submodules. Then there is a jinite set Ql ,..., Qn of submodules of 
M such that Q, n -** n Qn = 0 and M/Qi is primary. 
Proof. Let Q be a submodule of M. Then the condition that -./Q is 
an essential extension of every nonzero submodule is equivalent to the 
condition that Q is not the intersection of two properly larger submodules 
of M. Let us say that Q is irreducible in case Q has that property. Using the 
ascending chain condition in M, it is trivial that every submodule of M is 
the intersection of finitely many irreducible submodules. In particular, 
0 is such an intersection: 0 = Q, n .*. n Q, . That Qi is irreducible implies 
that J$/Qi has the properties described in Theorem 6.8, so that M/Q, is 
primary. 
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I f  Q is a primary module, we shall call 7Q the associated prime of Q. As in 
the familiar situation of commutative rings, we have: 
PROPOSITION 6.10. Let QI ,..., Q, be submodules of a module M such that 
.?kI/Qi are all primary and all have the same associated prime. Then M/nQ, is 
also primary and has the same associated prime. 
Proof. 1%4/n Qi is isomorphic to a submodule of u M/Qi . The result 
now follows from Proposition 6.7. 
Our use of the term “primary” is perhaps justified by the following: 
THEOREM 6.1 I. Let R be a commutative noetherian ring, and let Q be a 
proper ideai in R. Then the follozuing ass&ions are eqm’valent: 
(1) Q is a primary ideal in the usual sense. 
(2) R/Q is a primary module. 
PPOOf. (I) => (2) 
Let ‘$3 be the radical of Q consisting of all elements some power of which 
lies in Q. Let Q = D1 n .*a n 3, be an irredundant decomposition with ai 
irreducible. Let us note first that each &C !@. For, suppose D)i $ !/3, for 
some i. I f  d E ZDi, d $ ‘p, we have d fij+ ZDDj C Q, so that, because Q is 
primary, nj+ Is), C Q. This contradicts the minimality of n, and hence each 
2~ C $3. Now, a, is again primary with the same radical !J3. If  a $ ‘$3, then a 
annihilates no nonzero element of R/IDi so that rRjrp < rR/n . On the other 
hand, every element of ‘$3 when raised to a suitable power’lies in 3i and 
therefore T~,~, cannot be properly larger than T~,~ . From the fact that 3’i 
is irreducible ‘we know that R/Z& is stable. Now, apply Proposition 6.7; 
u R/Bi is stable. However, R/Q is a submodule of JJ R/X$ and therefore, 
R/Q is also stable. At the same time, the associated kernel functor of R/Q 
is the same as that of u R/D,, and that in turn is 7R,b . Hence R/Q is a 
primary module. 
(2) => (1) 
Set u = rR,n, so that G is a prime. Let ‘p be maximal with respect to 
‘$3 f  R, !J3 3 8 and o(R/p) = 0. Th en, as in the proof of Theorem 6.8, 
RI’@ is a supporting module for u. By Proposition 6.3 we have G = T~,~ . 
Also, because (T is a prime, ‘$ is a prime ideal. Now let Q = Q, n *me n Q, 
be an irredundant decomposition with Qi primary, and let ‘$ be the associated 
prime of Qi . Suppose that for some i we have !J?, $ !$?+. Then there is an 
element a E ‘$ with a $ $3. Hence for some m we have a” njsi Q, C Q, 
while a*” $ !j3. Since (T = ~~,n , it follows that fijfi Qi C Q which contra- 
dicts the minimality of n. Hence 5& C *p for every i. Now suppose that ‘$, 
is properly contained in ‘$3, for some i. Let p = 7R,Voi , so that p is properly 
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larger than G. Denote by J the ideal such that J3 Q and J/Q = p(R/Q). 
Then, because R/X2 is stable, R/Cl is an essential extension of J. Now, x G J 
if, and only if, there is an element c $ ‘!& with cx E 9. But cx E Q implies 
that cx E Q, , and hence x E Q . Thus, J C f& . Hence, J n nj+$ XV& C Q, 
and the fact that R/El is an essential extension of J/XJ now implies that 
flj+i Qj = 9. Again, the minimality of n is contradicted, so that in fact 
pi = +J? for every i. But this now implies that Q is a primary ideal. 
Remark. The assumption that R is noetherian was used in both parts of 
the proof of Theorem 6.11. It is not clear whether the two concepts of 
“primary” remain equivalent without the noetherian condition. However, 
this is not a very serious question. For, experience with commutative rings 
has shown that the concept of primary ideals is not particularly useful except 
for noetherian rings, in contradistinction to the fact that the concept of 
“prime” remains most useful without chain conditions. In this connection, 
note that the discussion following the proof of Proposition 6.3 is valid for 
commutative rings in general. 
THEOREM 6.12. Let M be a nonzero A-module satisfying the ascending 
chain condition 011 submodules. Suppose 0 = Q1 n .a. n Q.* with iM/Q,i primary, 
and such that any proper subset of {Ql ,..., Qn} has a nonzero intersection. 
Then rM = inf(TM,,i). 
Proof. Denote by cp the obvious map from n/r to S = u M/Q< . Since 
n Q1 = 0, g, is a monomorphism. Consequently, z-~~ > 7s, while, by Propo- 
sition 5.4, 7s = inf(7M10.J l). Denote by Sj the intersection of all Qi for i # j. 
Then, Si + 0 and v(Si) == p(M) n fi[/_qj . Because Si is a submodule of MY 
we have 7sj > 7ni . At the same time, Sj is isomorphic to a nonzero submodule 
of the primary module iV1/Qj , so that 7sj = ~~,o~ for every j and therefore, 
that 7,M < inf(T,io,}. Combining this with the previous inequality gives 
the desired conclusion. 
We continue with the notation of Theorem 6.12 and its proof, In general, 
the submodules Qi are not unique. However, as in the case of primary 
decompositions in noetherian rings, the primes -rMIQ, are uniquely determined. 
For convenience, let us put P.~ = 7&1,0i . In the course of the proof, we found 
that the nonzero submodule Si of M has the property that Tsi = P.~. Let 
us denote, for an arbitrary nonzero submodule n/l; by P(M) the set of primes 
p such that there exists a nonzero submodule S of M with TV = p. Note 
that for any y  E P(M) we have p > Tag. What we shall show, after a pre- 
liminary lemma, is that, in the above notation, p(M) coincides with 
I 
4% >**., Pn). 
LEMMA 6.13. Let k&l ,..., p’s be primes such that inf&if is also a prime. 
Then inf{& coincides with pi fop some j. 
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Proof. Set v = inf{& and assume Y # pLj for each j. Since v < tag , we 
find that pj is properly larger than v. Now let P be a supporting module 
for Y. Then tcj properly larger than v implies that I+(P) = P. However, 
0 = v(P) = fi pj(P), and this is impossible. 
We return to the earlier discussion, Suppose that v E p(M), and S is a 
nonzero submodule of M such that v = rS. Set Qi’ = Qi n S. Now, 
n Qj’ = 0; let J b e a minimal subset of (1, 2,..., n> such that fij,zzQj’ = 0. 
We note that S/Qj ’ is isomorphic to the submodule S + QJQj of M/Qi and 
therefore that S/Qj ’ is a primary module. Hence, we may apply Theorem 6.12 
to conclude that v = 7s = inf{pj 1 j E J}. But now Lemma 6.13 shows that v 
is one of the pLi. Thus, we have proved: 
THEOREM 6.14. Let M be a nonzero A-module satisfring the ascending 
chain conditio?z on submodules. Then P(M) is a jinite set. Furthermore, if 
0 = fl Qi is irredundant and M/Qi is primary, then p(M) coincides with the 
set of associated primes TM/Q, ,..., TM/Q, , 
By analogy with the situation for commutative rings we may call P(M) 
the associated primes of M. We should note that Theorem 6.12 provides, in 
the present context, a considerable improvement of Proposition 6.5. Namely, 
if M satisfies the ascending chain condition, then p(M) is a finite set, while 
7M = inf{p E P(M)}. Hence, no nonzero element of M is annihilated by all 
the homomorphisms M + Q,(M), with TV E P(M). 
We return to the study of primes. Let p be a prime of A. We know that 
there is a (unique) supporting module of p which is at the same time p-injec- 
tive. Let P be that module, and let E be the injective envelope of P. We 
observe first that E/P is p-torsion-free. For, let P’ be the submodule of E 
which contains P such that P’/P = p(E/P). It follows from the p-injectivity 
of P, that P is a direct summand of P’. But, unless P’ = P, this contradicts 
the fact that E is an essential extension of P. 
Now suppose that M is a nonzero submodule of E such that p(E/M) = 0. 
If P’ = P n M, then P’ f 0 because E is an essential extension of P. 
Hence, P/P’ is a ,u-torsion module, while P/P’ is isomorphic to the sub- 
module P + M/&Z of E[M. The assumption that E/M is p-torsion-free 
yields the conclusion that P/P’ = 0, or that P C M. 
Let f : E -+ E be a A-endomorphism of E. We know from Lemma 6.2 
that either f(P) = 0 or the restriction off to P is a monomorphism. Assume 
that f(P) + 0. Then, the kernel off has only 0 in common with P, and 
therefore the kernel off is 0. Thus, f is a monomorphism. But then f (E) is 
an injective submodule of E and consequently f(E) is a direct summand 
of E. Since E is an essential extension of every nonzero submodule, we find 
that f (E) = E. Thus, we have proved that if f does not annihilate P, then f 
is an automorphism of E. 
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Assume still that f(P) # 0. Then, because f  is an automorphism of E, 
the module E/f(P) is isomorphic to E/P, and therefore E]f (P> is p-torsion- 
free. Hence f(P) 3 P. Exactly the same argument applies to f  -I, and hence 
f(P) = P. 
Summarizing what we have proved thus far: an endomorphism of E either 
annihilates P or is an automorphism, and P is stable under every endomor- 
phism. We denote by 8 the endomorphism ring of E, and by ‘$3 the set of 
those f  E X2 for whichf(P) = 0. Then, Fp is a twosided ideal in G and ever-y 
element of Sz not in ‘$3 is a unit of ~2. Since P is stable under the elements 
of 52, restriction to P induces a homomorphism from J2 to the endomorphism 
ring of P whose kernel is precisely $3. Finally, because E is injective, every 
endomorphism of P extends to an endomorph&m of E. Thus, Sz maps onto 
the endomorphism ring of P, and the endomorph&m ring of P is a division 
ring. 
Let us now apply these observations to a particular case. Assume that 
/X = T, is a prime and, moreover, that fl is itself a supporting module for ,u. 
Then P is just .QJfl). Since every /i-endomorphism of P is also a Q&l)- 
endomorphism, the division ring arrived at, above, is the ring of Q,(L!>- 
endomorphisms of _O,(.LI) itself. But such endomorphisms are the right 
multiplications by elements of Q,(A) and hence the opposite ring of Q,(fl) 
is a division ring, or, Q,(A) is a division ring. In this case by automatically has 
property CT). 
Conversely, suppose that there is an idempotent kernel functor p such 
that p(n) = 0 and Q&l) is a division ring. We have il C Q&l) and every 
nonzero left ideal of fl generates, as a left ideal, the unit ideal of Q&1). 
Hence, FU consists of every nonzero left ideal of fl. Clearly, y  = rA and 7-n 
is a prime having fl as supporting module. This is the analog of the classical 
field of quotients of an integral domain. 
We return to the general prime, but now assume that p has property (T), 
and examine P as a Q),(n)-module. If  P’ is a nonzero Q,(A)-submodule of P, 
then P’ is of course also a fl-submodule, and P/P’ is p-torsion. On the other 
hand, P/P’ is a Q&f)-module, so that P/P’ is p-torsion-free. This implies 
that P/P’ = 0, or P’ = P. Thus we find that P is a simple Q,(A)-module. 
Now let S be any simple Q,(A)-module. Then, as is the case for every 
Q&l)-module, S is p-torsion-free. If  S’ is a nonzero /l-submodule of S, 
the simplicity of S implies that Q,(n)S’ = S, from which we deduce that 
S/S’ is a p-torsion module. Hence S is a supporting module for t.~. It follows 
from Proposition 6.3 that 7s = p. Also, the fact that S is a Q,(A)-module 
(and the assumption that p has property (2’)) implies that S is y-injective. 
Now Theorem 6.4 shows that S is isomorphic to P. Thus, under the assump- 
tion that TV is a prime with property (T), all simple Q&t)-modules are 
isomorphic. 
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Let us return to 74 . Assume that p = 74 is a prime with property (T); 
also set r = Q,(4). Denote by F a r-injective envelope of r. Then, 
p = 5-n = TJ- = 7-F. If P is a simple r-module, then there is a A-mono- 
morphism from P into F, and such a homomorphism is automatically also 
linear with respect to r’. Since F is an essential extension of J’, there is a 
nonzero r-submodule of P whose image, under the above map, lies in I’. 
However, P is simple, and hence we find that there is a monomorphism 
from P into I’. Thus, r contains minimal left ideals. Denote by Y(r) the 
sum of all minimal left ideals of I’, so that .Y(.r) is the socle of I’. If 5’(r) 
is I’ itself, then r is semi-simple as a module over itself and hence I’ is 
semi-simple with descending chain condition. Combining this with the fact 
that all simple r-modules are isomorphic, then, in fact, J’ is a simple ring 
with descending chain condition. 
If Y(r) is not all of r, let YJI be a maximal left ideal of l’ which contains 
Y(r). Then, there is a left ideal contained in Y(r) which is isomorphic to 
the simple module r/%X, or equivalently, there is a nonzero element 2~’ of 
P(r) for which ‘$Xx = 0. Hence, from Y(r) C !N, we get Y(r)x = 0. But 
Y(r) is a twosided ideal and we find that Y(r) contains a nonzero nilpotent 
ideal. 
Since p has property (T), a nonzero left ideal of r has a nonzero inter- 
section with (1. Hence, if fl has no nonzero nilpotent ideal, and ~~ is a prime 
with property (T), then r is a simple ring with descending chain condi- 
tion. 
VVe now consider the converse. Suppose that p is an idempotent kernel 
functor with ,+‘I) = 0 and such that Q,,(A) is a simple ring with descending 
chain condition. If ‘%?l E 5u , then 3% = 0, for x ~Q,(fl), implies x = 0. 
But Q&l)‘% is a direct summand of Q&l), and hence Q”(A)‘% = Q,(A). 
Thus, p has property (2’). 
Let 23 be a left ideal of n not in Yu . Then, Q~(.‘l)!B has a nonzero right 
annihilator in _O,(d) and consequently, if 0 is properly larger than p, then 
Q),(A) is not o-torsion-free. Since Qu(/l) is an essential extension of fl, it 
follows that p = 74 . Let P be a simple Q,(/l)-module, and let !23 be a left 
ideal of A not in Yu . Then there is a maximal left ideal 91 of Q&I) which 
contains Q,(r1)23. Since all simple Q&l)-modules are isomorphic, P is 
isomorphic to ,O,(J/911, so that there is a nonzero element of P which is 
annihilated by !JlJ, hence also by 23. This shows that any u properly larger 
than p is also properly larger than Q . At the same time, the fact that p has 
property (T) implies that P is p-torsion-free. Hence p = Q . Using again 
the fact that p has property (T), and that P is simple, we see easily that P is 
a supporting module for p. Thus, p = 7.4 is a prime. Finally, there are 
examples to show that rl may have nonzero nilpotent ideals. 
We summarize our conclusions in: 
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THEOREM 6.15. (1) If 74 is a prime and A is a supporting module, then 
CI,JA) is a division ring. 
(2) If  there is an idempotent kernel functor p such that Q,(A) is a division 
ring and p(n) = 0, then p = i-n , and p is a pGme witk A a supporting module. 
(3) If TA is a prime with property (T) and QT4(Aj has no nilpotent ideals, 
then Q,JA) is a simple ring with descending chain-condition. 
(4) If there is an idempotent kernel fun&r p such that p(A) = 0 and Q,(A) 
is a simple ring with descending chain condition, then p is a prime, has property (T) 
andp =T~. 
SECTION 7. SONE EXAMPLES 
1. Let R be a commutative integral domain with field of quotients K. 
Suppose that (T is an idempotent kernel functor of R distinct from a. Then 
a(R) is a proper ideal which is defined by annihilator conditions. It follows 
that a(R) = 0. Now it is obvious that K is a faithfully o-injective module 
and hence Q,(R) is a subring of K which contains R. Using the explicit 
description of QJR) (given in Section 3 for the general module of quotients), 
it is easy to see that Q,(R) is the union of ‘21-l, as 2l ranges over FW . (We 
use the customary notation in which W1 is the set of x E K for which 9% C Ii.) 
2. Specialize R to be integrally closed and noetherian. If  R is not a Dede- 
kind domain, there is a non-invertible maximal ideal ‘9.X. Under the hypotheses 
on R, we have ‘B-r = R. Now let Y be the set of all positive powers of W. 
Clearly r is a topology which defines a kernel functor u and in fact G is 
idempotent. From the fact that 9JP = R we also get (Wnj-” = R for all 
n >, 1. In this case, Q),(R) = R. Thus, this ~7 is a natural kernel fun&or for 
which the ring of quotients is no different from the ring one starts with. 
Now, since 9X E Ya , we have Q$IR) = QJR) = A. Thus, the formation of 
the module of quotients in this case does not leave unchanged all modules, 
not even the a-torsion-free modules. Clearly cz does not have property (T). 
Since R is noetherian, the functor Q, commutes with direct sums; it is not 
right exact. 
3. Let M be a A-module and E its injective envelope. If  u is an idem- 
potent kernel functor, then Q&M) = iW if, and only if, M is faithfully 
u-injective; and this is so if, and only if, U(M) = 0 and u(E/M) = 0. Thus 
the set of (5 for which Q,(M) = M is exactly the same as the set of 
u < inf(Thi, ~~~~1. In particular, if M = A, this describes the set of kernel 
functors for which the ring of quotients is just A itself. Except for u = 0, 
all (T of this set fail to have property (T). This generalizes example 2. 
4. Let R be a Dedekind domain. Since every ideal of R is both finitely 
generated and projective, every idempotent kernel functor has property (T). 
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As in (I), if a # co, then QJR) is a subring between R and K. Furthermore, 
because of property (.T), Y0 consists precisely of all ideals ‘% of R for which 
Q,(R)?f = Q,(R). It is well-known that every ring between R and K is 
again a Dedekind domain. Furthermore, if S is such a ring, then in addition, 
S = U %-r as ‘3 ranges over those ideals of R for which S2l = S. This 
shows that every ring between R and K is a ring of quotients of R with 
respect to an appropriate idempotent kernel functor. A further analysis 
shows that the idempotent kernel functors of R, different from co, are in 
one-to-one correspondence with the set of subsets of the maximal ideals of R. 
In [I] it was proved that every ring between R and K is a ring of quotients 
of R with respect to a multiplicative set if, and only if, the group of ideal 
classes of R is a torsion group. Thus a general Dedekind domain illustrates, 
for commutative rings, the natural nature of the set of all idempotent kernel 
functors in contrast to the special ones arising from multiplicatively closed 
sets. 
5. Let rl be a subring of a ring r. I f  IV E r, define a(x) = (a E /l j a.lc E A}. 
Denote by Y the set of left ideals of /l which contain a finite intersection 
Wl> n *** n ‘3(x,). 9 is a topology in the sense of section 2 and hence 
defines a kernel functor a of fl. Assume that lW = r for every ideal ‘3 E Y. 
Then, u is idempotent, having property (T), o(A) = 0 and r = Q&l). This 
is the typical situation for idempotent kernel functors (T < rA which have 
property (T). 
6. Let (1 be an arbitrary ring and set p = 7A . Then p is the largest idem- 
potent kernel functor for which p(A) = 0. The topology Y0 may be explicitly 
described as follows. Let H be the injective envelope of A as a left module 
over itself. Then a left ideal ‘3 of (1 is in YP if, and only if, 2I annihilates no 
nonzero element of H. Form Q,(A); then d is a subring of Q,,(A). I f  D is an 
idempotent kernel functor such that a(A) = 0, i.e., such that o < p, then 
Q,(A) is a faithfully cr-injective module and therefore e&l) is a subring of 
Q,(A). In a sense, Q&l) may be thought of as analogous to the total quotient 
ring of a commutative ring. As a subring of Q&l), the ring Q,Jfl) can be 
described in a manner analogous to that of example 1. Namely, an element 
x E Q,(A) is in Q,(n) if, and only if, there is an ideal 9L E Ya such that ‘XX C d. 
7. Assume that A satisfies the descending chain condition on left ideals. 
I f  u is a kernel functor, denote by D(u) the intersection of all ideals in YU . 
It is trivial that D(o) is a twosided ideal. Furthermore, because of the descend- 
ing chain condition, D(a) is the intersection of finitely many ideals of Y0 , 
and hence D(o) is itself in To. Thus, Y0 consists of all left ideals which 
contain the twosided ideal D(a). Thus, K&l) is in one-to-one correspondence 
with the twosided ideals of d. It is a simple matter to verify that (T is idem- 
potent if, and only if, D(o)” = D(a). 
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8. Let K be a field, let A be the 2 x 2 triangular matrices, with elements 
in K, in which the upper right entry is 0. Let D be the twosided ideal in 
A consisting of all elements of A in which the first row is 0. Since D” = D, 
this determines an idempotent kernel functor cr. It is easy to verify that 
o(A) = 0, and that Q,(A) is the full ring of 2 x 2 matrices over ii-. The 
results of Section 6 show that G = 7A and is a prime. Note that A has a 
nilpotent ideal. 
9. I f  A is the ring of example 8, then A has four idempotent kernel functors: 
0, cc, (+ = 7A and one further one which we shall denote by p. Both p and G 
are primes, and are in fact maximal primes corresponding to the two iso- 
morphism classes of simple modules. While the ring Q,(A) is the ring of 
2 x 2 matrices, the ring Q,(A) is isomorphic to the field K. (The ideal p(A) 
is D of example 8.) This example has obvious generalizations. 
Note added in proof. It has been brought to the attention of the author that there 
is a substantial overlap between this paper and that of GABRIEL, P., Des Categories 
Abkliennes, BUZZ. Sot. Rkzth. France 90 (1962), 323-448. 
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